Random matrix theory is used to model a two-level quantum system driven by a laser and coupled to a reservoir with N degrees of freedom in both Markovian and non-Markovian regimes. Decoherence is naturally included in this model. The effect of reservoir dimension and coupling strength between the system and reservoir is explored.
INTRODUCTION
The modeling of quantum systems as they interact with the reservoir is important to the fields of quantum information and computing. One important phenomenon to model is decoherence [1, 2] . Decoherence occurs when a quantum system's information is dissipated into its reservoir. To describe decoherence, the master equation model of quantum systems uses the Lindblad superoperator [3] [4] [5] [6] in order to phenomenologically add the decay parameters. The reduced density matrix ρ s of the master equation is solved by converting it into a set of optical Bloch equations.
The random matrix theory (RMT) described in this article was originally used to successfully model the complex dynamics of spectral fluctuations of quantum systems [7] . The theory was then adapted for use in a number of areas, from chemical physics to quantum systems [8] [9] [10] [11] . Recently the ability of the RMT combined with the Schrödinger wave function to solve a quantum system weakly coupled to its reservoir (Markovian) has been demonstrated [10] . Two new features that are investigated in this paper are varying the coupling strength between the system and the environment from weak (Markovian) to strong (non-Markovian), and study the effect of varying the reservoir dimension N on the decoherence rate.
This article is organized as follows. In Section 2, a model of a two-level quantum system coupled to a random reservoir with dimension size N is solved using the Schrödinger wave function approach. Decoherence is obtained using a partial trace over the reservoir. In Section 3, the reservoir dimension size N and coupling strength E sr are varied to show their effects on the magnitude and rise time of the steady-state coherence. The effect of reservoir dimension N and the number of simulations M averaged together is discussed. A discussion of how non-Markovian behavior can be modeled using the master equation [4] is given in the concluding section.
THE MODEL
The RMT can simulate quantum systems with multiple energy levels interacting with a random reservoir. In this article, an example of a two-level system driven by a coherent source will be investigated. The system consists of a ground state jgi and excited state jei coupled to a monochromatic laser field and a random reservoir with finite dimension N set by cavity parameters.
The full Hamiltonian is given by
where H s corresponds to the atom-laser coupling and is defined as
E Ω represents the Rabi frequency that characterizes the coupling between the atomic dipole and the laser field. The terms I r and I s represent the unit operators in the Hilbert space of the reservoir and the system, respectively. The reservoir Hamiltonian is given by
The term H I is the Hamiltonian describing the systemreservoir interaction, which is given by
The coefficients E r and E sr in Eqs. (3) and (4) represent the strength of the reservoir and interaction Hamiltonians, respectively. The elements of the matrix R are chosen such that the matrix is a Gaussian unitary ensemble (GUE) with associated invariance properties [10] . The GUE was chosen over the Gaussian orthogonal ensemble due to the reservoir having complex states as will be defined later. Practically, the real and imaginary parts of each element in the Hermitian matrix R is chosen using complex Gaussian random numbers with variance 0.083 and mean of zero. This variance corresponds to the variance of a uniform distribution on the interval of −0:5 to 0.5. The Hamiltonian R is determined at the beginning and held fixed over the time evolution of each single trajectory. The matrix H e is constructed using Gaussian random numbers of variance 0.083 and mean of zero where each element has a real and imaginary part. The matrix H g is created by taking the Hermitian conjugate of H e , i.e., H g ¼ H † e . This ensures that the interaction Hamiltonian H I is a Hermitian matrix. The idea behind the form of interaction Hamiltonian is to set up different correlations between the system and the reservoir depending on whether the system is transitioning from the excited to ground state and visa versa. The square matrices H r , H e , and H g have dimension N. These transition operators are defined as the lowering jeihgj and raising jgihej operators, respectively, in Eq. (4).
The initial combined state of the system and reservoir jψ 0 i is a product of the pure states of the two-level system jψ s0 i and the random reservoir states jψ r0 i:
By keeping track of the reservoir state the system evolution is dependent on its history, thus allowing non-Markovian systems to be simulated. The initial random state of the reservoir jψ r0 i is created using Gaussian complex random numbers with variance 0.083 and mean zero. The initial state of the system jψ s0 i is the excited state jei, but it can take on any superposition of ground and excited states. The wave function of the combined system and reservoir state jψ t i is found using unitary time evolution, and a partial trace to remove the reservoir states yielding the decoherence of the two-level system [12] .
The standard master equation of a two-level atom driven by a laser interacting with a reservoir is given by the following:
Here, H is the atom-laser interaction Hamiltonian and the γ is the decay rate. The decoherence due to the interaction with the reservoir is given by the Lindblad form [3] . The Lindblad superoperator D for arbitrary operators A and B is defined as D½AB ≡ ABA † − 1 2 fA † A; Bg.
DECOHERENCE IN BOTH MARKOVIAN AND NON-MARKOVIAN REGIONS
The amplitude of the Rabi oscillation is set to be E Ω ¼ 1 in this article. In Fig. 1 the coupling strength is E sr ¼ 0:15, which represents weak coupling between the system and the reservoir. The coupling is classified as weak or strong with respect to the strength of the driving field E Ω . This corresponds to a Markovian process. The reservoir dimension is N ¼ 12. The decoherence analysis here is based on the ensemble average evolution of 30 individual simulations of the system coupled with the reservoir. By averaging over 30 time evolutions the standard deviation has 5% error relative to the steady-state value. In each of the 30 simulations the Hamiltonian and the reservoir state are generated as random matrices and fixed for the simulation time. The decoherence is measured using the excited-state population decay rate, the system entropy S, and the ratio between the system's large and small eigenvalues.
One advantage of the RMT can be seen in the plot of the system excited-state population ρ ee in the bottom of Fig. 1 . Specifically, the decoherence of the system occurs naturally without the need for adding decoherence phenomenologically as is the case for the master equation approach. Assuming the damping of the system modeled using RMT is of the form e −3γt=4 [13] , the decoherence rate γ is found to be 0.06160 through curve fitting. Using this decoherence rate in the master equation yields a close match to the random matrix approach. The difference is that the random matrix approach contains small random fluctuations due to the randomness in the reservoir Hamiltonian. The χ 2 measure of the curve fit between the solutions is 0.00051.
Decoherence can also be measured using the system entropy. The entropy of the reduced density matrix ρ s of the system is found with S ≡ −tr½ρ s ðlog 2 ðρ s ÞÞ. The entropy curve in the bottom of Fig. 1 starts at 0 and rises to a steady-state value. This indicates that the system starts from an initially pure state with zero entropy, and then becomes a more mixed state with a steady-state entropy of around 0.9 during a time scale of a few γ −1 .
In addition, decoherence can be measured inversely using the ratio between the large and small eigenvalues of the reduced density of the system, as shown in the top half of Fig. 1 . Since the system has only two eigenvalues, the minimum value with this measure is 1 and corresponds to a completely mixed state. The maximum value of ∞ corresponds to a completely pure state. The time evolution of the ratio between the system large and small eigenvalues yields the Schmidt path, which gives an alternative way to measure the decoherence of the system state over time.
One parameter that controls the decoherence rate of the quantum system is the reservoir dimension N. In the case of the master equation this corresponds to the number of harmonic oscillators, in the case of the random matrix model this corresponds to the number of elements in the reservoir model. The steady-state entropy of a system coupled to a reservoir of dimension N from 2 to 50 is shown in Fig. 2 . The system will decohere faster and reach a more mixed steady-state as the dimension N increases. Also, the time required to reach the steady state decreases as the reservoir dimension N increases, as indicated in Fig. 3 .
The decoherence behavior of the system also depends on the system-reservoir coupling strength E sr . Up to this point weak coupling (E sr =E Ω ¼ 0:15) has been assumed. This causes the system to evolve under Markovian dynamics, and is well modeled by the master equation. Now the coupling strength is increased in order to move the system dynamics into the non-Markovian region. As shown in Fig. 4 , as the coupling strength E sr is increased, the system exhibits nonexponential decay behavior, which is an indication of nonMarkovian dynamics [14] [15] [16] [17] . In the extreme case when E sr =E Ω ¼ 50, the initial excited system state is frozen. This applies to any other initial system states, and is an example of the quantum zenolike effect [18] [19] [20] . The reason the method can model non-Markovian systems comes from the ability of the reservoir to store information that evolves over time while dynamically interacting with the quantum system. Finally, the number of simulated time evolutions averaged together in the above figures is chosen to be 30. By averaging over 30 time evolutions, as shown in Fig. 5 , the standard deviation of the steady-state value is around 0.022. This translates to a 5% error relative to the steady-state value of 0.5. Additionally, the standard deviation decreases with increasing reservoir dimension N, as seen in Fig. 6 , thus allowing fewer simulations to get the same percent error. From the results of Figs. 2 and 6, an increasing reservoir dimension N causes both an increase in decoherence and a decrease in the standard deviation. 
DISCUSSION AND SUMMARY
Up to this point this article has compared the RMT approach with the standard master equation in the Markovian regime. The RMT was able to model non-Markovian processes. A few other methods used to simulate non-Markovian include variations of unravelling of the stochastic Schrödinger equation. Some of these methods include using doubled or trippled Hilbert space methods [21, 22] , a non-Markovian quantum state distribution method [14, 23] , and a non-Markovian quantum jump method [24, 25] . Each of these methods adds the memory effect of the non-Markovian process in different ways. However, all of these methods based on stochastic simulations make various approximations that may reduce the ability to use them in general quantum system cases. Another advantage of RMT is that it solves the Schrödinger wave equation without any approximations besides making the reservoir of finite size.
One other method used by Budini involves using random Lindblad operators to model non-Markovian systems [4] . In the paper, the complex reservoir is split into a number of subreservoirs each with a random decay rate in order to observe non-Markovian effects. The ability to simulate the non-Markovian effects comes about in this model because the system evolution depends on the history of which subreservoirs are visited on a particular simulation. From the perspective of describing non-Markovian behavior, both approaches are similar; however, the random matrix model is easier to implement and naturally includes decoherence.
In summary, this article has used RMT to model a quantum system interacting with a reservoir in both the Markovian and non-Markovian regimes. The results from RMT and the master equation agreeing in the Markovian region. The wave function random matrix theory exhibits non-Markovian dynamics when the atomic system is strongly coupled to the reservoir. The decoherence increases with reservoir dimension and decreases with coupling strength. The standard deviation of the population decreases as the reservoir dimension N and number of simulations increase.
